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Three-dimensional linear peeling-ballooning theory in magnetic

fusion devices
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Ideal magnetohydrodynamics theory is extended to fully 3D magnetic configurations to investigate
the linear stability of intermediate to high n peeling-ballooning modes, with n the toroidal mode
number. These are thought to be important for the behavior of edge localized modes and for the
limit of the size of the pedestal that governs the high confinement H-mode. The end point of the
derivation is a set of coupled second order ordinary differential equations with appropriate
boundary conditions that minimize the perturbed energy and that can be solved to find the growth
rate of the perturbations. This theory allows of the evaluation of 3D effects on edge plasma
stability in tokamaks such as those associated with the toroidal ripple due to the finite number of
toroidal field coils, the application of external 3D fields for elm control, local modification of the
magnetic field in the vicinity of ferromagnetic components such as the test blanket modules in
ITER, etc. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4871859]

I. INTRODUCTION

The magnetohydrodynamic (MHD) model is inherently
limited in scope and applicability by the strong assumptions
behind it. Yet, despite its relative simplicity, it has been
shown to be surprisingly applicable, mainly due to the strong
anisotropy between the parallel and perpendicular dynamics.
Furthermore, MHD theory can generally be used as a base-
line for the behavior of plasma dynamics.' Important here
are the MHD instabilities that may ultimately limit the
peformance of fusion devices.

There is a variety of MHD instabilities that can occur in
plasma and they can be categorized in various ways: One of
them is the distinction between internal instabilities, that do
not disturb the plasma boundary, and external ones, that do.
Alternatively, they can be global, spanning an extended
range within the plasma, or localized. Lastly, another way of
classification instabilities is by considering the main mecha-
nism that drives them. These turn out to be the parallel cur-
rent and the pressure gradient, hence the denotation “current
driven” or “pressure driven.”*?

Two important modes of instabilities that have been
identified in current devices are the peeling mode, which is a
global, current driven mode that can be thought of as a limit-
ing case of the external interchange mode,* and the balloon-
ing mode, which is a localized pressure driven mode. Note,
however, that here and henceforth the words local and global
indicate a localization around particular field lines versus
delocalization in the entire flux surface, respectively, and are
not directly connected to the radial extent. Coupled, the
peeling-ballooning modes are thought to be important for the
limiting behavior of some modern devices, as they are able
to cause periodically erupting edge localized modes (ELMS).
These limit the size of the pressure gradient in the pedestal,

¥ Author to whom correspondence should be addressed. Electronic mail:
tweyens@fis.uc3m.es

1070-664X/2014/21(4)/042507/14/$30.00

21, 042507-1

which is one of the main characteristics of the high confine-
ment H-mode.” Therefore, it is of importance to correctly
understand the physics behind the peeling-ballooning mode
and to be able to simulate it accurately.

There exist fairly complete analytical theories for both
the localized, pressure driven ballooning mode®’ and the
global, current driven peeling mode.® Since the main interest
for ELMS lies in describing the instabilities of the outer
layers of the plasma, these theories take into account the ap-
proximate effect of the perturbation of the plasma edge.
However, bringing these two theories together required some
effort, since the theory of peeling modes is formulated for
global modes, whereas the theory of ballooning modes
employs an asymptotic, so-called “high n” (where n refers to
the toroidal mode number) ordering that is valid only for
localized modes, and breaks down for more extended modes.
It is clear, then, that a purely analytical theory is difficult to
conceive and one has to resort to simulations.

One strategy has been to drop the high n ordering which,
though useful for analytical understanding of the ballooning
modes, cannot easily describe the peeling modes, and to simu-
late the plasma with the full MHD model without approxima-
tion in the toroidal mode number. Codes such as MISHKA®
and KINX'? are very successful at describing the phenomena
of peeling-ballooning modes and accurate results have been
obtained."' However, since these codes are not very fast, they
are not always suitable for parameter studies, so a main step
in this domain has been the development of the linear numeri-
cal code ELITE, that indeed employs a high-n ordering at the
plasma edge, but also keeps higher order terms to correctly
describe the intermediate n peeling-ballooning modes.'?

ELITE has been successful at describing peeling-
ballooning phenomena and has allowed the subsequent study
of the linear properties of ELMS.>'*'* However, the main li-
mitation of ELITE and the theory behind it is the fact that it
is valid only for axisymmetric configurations. This allows for
many simplifications, yet it can present an important

© 2014 AIP Publishing LLC
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limitation to the generality of the predicted results. For exam-
ple, stellarators are inherently 3D and thus need 3D theory to
be accurately described. But also tokamaks, which can be
approximated quite well by the assumption of axisymmetry,
experience some degree of three dimensionality. The ripple
due to the discrete toroidal coils, for example, breaks axisym-
metry. Also, in recent years, the effects of resonant 3D fields
on the edge of tokamak plasmas have received increased
attention because of their capability to control the energy
losses and power fluxes to plasma facing components caused
by ELMS, which can lead to unacceptable erosion rates of
these components in tokamak fusion reactors such as ITER."?
In this work, a full 3D theory is developed in the same
spirit as the axisymmetric theory behind ELITE, yet without
employing the limiting axisymmetric assumption. It differs
from pure analytical 3D ballooning mode theory and 3D peel-
ing mode theory in two ways. First, no assumptions are made
on the form of the plasma perturbation, such as the ballooning
description used to derive the general 3D ballooning mode
equation.'® Second, the treatment of the plasma edge is not
done in an approximate fashion, as in Ref. 7 for 2D ballooning
modes,'” for 3D ballooning modes or® for peeling modes: The
inclusion of the effects due to the perturbation of the plasma
surface is done as in ELITE, through the actual calculation of
the perturbed energy of the plasma boundary and the sur-
rounding vacuum, employing the extended energy principle.'®
The structure of this paper is as follows: In the next sec-
tion, the major analytical derivation of the 3D peeling-
|
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where [ - ]| denotes a jump and ¢ and Q,, are the plasma dis-
placement and the vacuum magnetic field perturbation,
which have to satisfy only the essential boundary conditions

¢ regular (onV)
n-Vx(¢xB,)=n-Q, (onS) (3)
n-Q, =0 (onexterior wall W,,) .

0B =Q =V x (£ xB) is the perturbation of the plasma
magnetic field and all the other symbols have their usual
meaning.

For the plasma potential energy, an equivalent form'? is
used

1 Qg
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ballooning theory is developed. This is done in steps,
described in various subsections. The results, which consist
of a coupled set of second-order linear differential equations
whose solution provides the growth rate of the system, are
then discussed in Sec. III and interesting features are pointed
out, as well as the parallels with the 2D work performed ear-
lier. After that, in Sec. IV, conclusions are stated and finally,
appendices give more details about longer derivations.

Il. DERIVATION
A. Preliminaries

The starting point is the extended energy principle,
which describes the system as if consisting of a body of
plasma, separated from a conducting wall by a vacuum
layer.'® The energy of the whole system, comprised of ki-
netic energy and potential energy of the plasma, a possible
edge current at the plasma surface and the magnetic energy
of the surrounding vacuum, is perturbed linearly and the
eigenvalues corresponding to this perturbation can be found
from the stationary values of the Rayleigh quotient:

OWIE Q] _ oWylg] + OW,[E,) + WA[Q,]

A[éa Qv] K[f] %fpp|§|2dl‘

(D

The different terms are given by’

where k=b -Vb=}4V, (,uop + 872> is the curvature,

o= ‘% is proportional to the parallel current, and Q is defined
as follows:

wé-Vp

— =

Q=Q-BH> =

B Q, —B[V-& +2¢& -x]. (5

In Eq. (4), the first term can be identified as the stabilizing
term due to the perturbation of the magnetic field and the sec-
ond one due to the perturbation of the plasma. The other two
terms show the main driving terms for instabilities, due to the
pressure gradient and the parallel current, as discussed in Sec. 1.

B. Plasma perturbation and other quantities

In what follows, the same flux coordinates (i, 0, {) as in
Ref. 20 are used:

B = V{ x Vi + () Vi) x V0, ©6)
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which, by defining the field line label o = { — ¢(1/)0, can be
brought into Clebsch form in the new (o, ) coordinate
system

B = Vax Vi, (N

where the Jacobian J(«, 1, 0) is identical to the Jacobian in
the flux coordinates 7 (i, 0, {). In this coordinate system, the
parallel derivative reduces to B -V = %7(% Note that 0 has
lost its immediate poloidal significance and now rather
means “along the magnetic field line.”

In the spirit of Ref. 19 (Eq. (A6)), the plasma perturba-
tion € is decomposed in a normal, a geodesic and a parallel
component

Vi Vi x B

=X U=+ WE. ®)

Employing this, the three components of Q, defined in
Eq. (5), are given by

- 10X
VW=7
VyxB - 10U 9)
Q=—=—7—5X
vy J 9

B-Q=—BV-& +2¢ x]

with the total (or local) shear S (Ref. 19) in the («, , 6) coor-
VY xB
Vi

dinate system
o Vi ><2B
IV
1 00*

=T 70 (10)

where B; =B - ¢; and o = |VV¢W\2 Vi, with ' one of the
coordinates (i, 0, {).

The curvature lacks a parallel component and, aiming
for later compactness of results, the normal and geodesic
components are defined as follows:

Vi vy ( B2>
K, = K= .v +_
ol " wpe P
Vi x B 1 100
=g KT T, 700 (11)
B VUxB

with 0 = . proportional to the parallel current. Use is
made of the fact that the current is divergence-free, implying

2
V-(Ba)—;V(Bz)~B><Vp—O. (12)

C. Fourier representation of the perturbation

As mentioned in Sec. I, the modes considered in this
work are intermediate to high n in nature. More specifically,
this means that these modes are assumed to have a spectral
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content that is much higher than the spectral content of the
equilibrium quantities. This condition is used further on to
make key simplifications.

In this work, a Fourier representation is used, of which
the advantages are, on the one hand, that the periodicity con-
straints that the modes have to comply with are inherently
satisfied, and, on the other hand, that the separation of spec-
tra of the equilibrium and the perturbation can be performed
mathematically. Furthermore, a Fourier representation does
not fail near the plasma edge, as is the case for the higher
orders of theory using the ballooning representation, fre-
quently used in theoretical studies.®*!

To avoid large stabilization of the plasma potential
energy due to excitation of Alfven and fast magnetosonic
waves (the term containing Q in Eq. (4)), the allowable per-
turbations have to approximately follow the magnetic field
and thus have a fluted shape, similarly to the case of normal
ballooning modes. Mathematically, this translates in the con-
dition that the parallel derivate be of order 1 and thus

0
50"~ o(1). (13)
This reduces the order of the normal and geodesic compo-
nents of Q to O(1) and the only remaining term of order
O(e) is V- ¢, with € a small parameter that will be
defined later. Clearly, not both the derivates in « and y can
be chosen of order O(1), as this would prevent the perturba-
tions from being localized at all. However, their combination
in the divergence can indeed be of order O(1).

Subsequently, the stabilizing term due to sound waves
that compress the plasma (the term containing V - ¢ in
Eq. (4)) is assumed to be minimized to zero by correctly
adjusting the parallel component of the perturbation to can-
cel out the contribution V - €, due to the perpendicular com-
ponents (all of order (1)), though strictly speaking there
exist theoretical cases where this is not possible, such as the
Z-pinch.?* Thus, the plasma is assumed to be incompressi-
ble, suppressing the stabilizing sound waves.

To derive the corresponding criteria relating the two
components X and U of &, in the (,0,() coordinate sys-
tem, the Fourier representation in the variables e 'o and
€10 is presented, with n the toroidal and m the poloidal
mode number

{X(l% 6_1(‘), G_IC) — ZmJ (w)ei[ni—m(-?]

n X m,n

T - (14)
U, e10,671200,0) =3, Unu(]0,O)el=m0)
where the notation (/¢ '0,e7'(|0,() means that an addi-
tional periodic slow variation of the Fourier amplitude U, , is
allowed, as is customary in multiple-scale analysis.*> Tt will
be seen that this is necessary to cancel secular terms that will
appear to ultimately yield a solution that is indeed periodic.

Transforming to the (o, Y, 0) coordinate system, yields

ei[ngy—m()] N el[nahL(anm)@] ’ (15)

which means that the condition that the parallel derivatives
be of order O(1) reduces to
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ng—m~ O(1), (16)

with ¢ the safety factor.

This has the consequence that the perturbations, though
with both m ~ O(e~1) and n ~ O(e™!), lie clustered around
the line with slope ¢, as seen in Figure 1, which represents
the separation between the spectral content of the equilib-
rium quantities and the perturbation. This anisotropy has an
important implication: The modes do not couple for
|

m.n

Q

l\)‘,_

S’IH

implying that, though the equilibrium quantities vary across
the magnetic field lines, in the coordinate o, they are quasi-
constant in the no scales on which the perturbations vary,
effectively removing A from the integral in «. The same can-
not be done for the integral along the magnetic field lines in
0, since the perturbations vary as slowly as the equilibrium
quantities due to their flutedness.

Note that the integral along 0 is a field-line average:
Toroidal information about the equilibrium is preserved,
since the magnetic field line varies toroidally. This in con-
trast to the axisymmetric case where the line average can be
reduced to an average in the poloidal angle, as in Ref. 12.

Therefore, ultimately, the Fourier representations for X
and U used are

1 n7+ (ng— m)()}

ZX
U= ZU

with the exponents containing both terms of order O(1) and
of order O(n) with € from now on chosen to be equal to n~!

|OC 0 1nx+ (ng— m)()] (18)

FIG. 1. A sketch of the assumed spectra of the equilibrium quantities (blue)
and the perturbation (red, hatched). The horizontal axis indicates the toroidal
wave number n and the vertical axis the poloidal wave number m.

>[40 [asatap.opzelem-erni], x.
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different magnetic field lines (represented by the coordinate
o), but only along magnetic field lines (represented by 0),
so the double summation reduces to a single summation
over m.

This result can be indicated symbolically by considering
the following representation for the plasma potential energy
that explicitly shows the coupling between a mode with
mode numbers n and m and a mode with »’ and m’, and
where A represents equilibrium quantities

m' '

[J UdozA o, 0)e iln— n]x:| ei[(anm)f(n'q*m ] :|Xm WX n
Z |:J d@A 0( lﬁ 9 (S” 1[ e )] ]an nXm’ N

ZUdHA o, 0)el 0 }xmx;wnn,, (17)

D. Minimizing plasma perturbation

In a first step, the fast variation across the magnetic field
lines, in the coordinate no, is introduced by inserting only
the fast part of the full Fourier representations of Eq. (18)

X X(lp 9) ino
R e, 4

into the condition V- &, ~ O(1). To this end, an ordering
technique for the normal perturbation X is applied as follows:

X=xO04+x0 4 (20)

with [X®|/|x* )| ~ O(n). Doing the same for the other
components, a condition for the first orders X 0 and U© is

derived
~(0) 2 1[0 0 0 0)
U ( C) <aw +0 ))X . Q1)

Note that the 6 component has been included for the term in
X, even though it is formally of lower order than the other
two. This is done in hindsight by realizing that it is the most
convenient way for the geodesic perturbation to be periodic
(see further below), simplifying the two-scale analysis. The
same result could be obtained by considering the problem in
the unmodified flux coordinates (i, 0, {), but would require a
little bit more work.

Subsequently, the second order can be minimized as
well making use of the first order result. Collecting terms in
the divergence and combining them with the curvature term
yields an expression correct up to order ~O(n~!)

0= <1n®y+i+®9

MNw .~ Ao
3 >X+1nU+Q(X), (22)
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where the second-order operator Q is defined as

0) = |22 (70) + 20,
1B, 0 a}

+|:2 +iaii2<lﬁ>___+_
T T on  Jo0\B2)  TB200 " o
Lif0 0
K © (éw o )M 29

This eliminates the parallel component of the magnetic terms
and reduces the entire stabilizing magnetic term to order
~O(1).

In a second step, the previous expression for Q is now
simplified by inserting the remainder of the Fourier represen-
tation for the coordinate (nq—m)@, the slow coordinate
along the magnetic field

E 1 n m
Xm q

. 24
0 =3 Ol 0)ei0 ey

For ease of notation, in what follows, the hat is left out
and it is to be understood implicitly that Fourier modes are
treated. In any case, the presence of a subscript m denotes a
(complete) Fourier mode.

Using above, the condition (22) becomes

(et Mg 1O
Um—< o "ol i1 aw)x 10,0, @)

relating U,,, to X,,, with ©° = @* + ¢'6 + © and

id
On(Xm) = (Q" + 05— o w) (Xom) » (26)

where 0% and Q! only depend on equilibrium quantities.
They are calculated in Appendix A

B.,q' +Ju p
0 __ 0. { om
Qm - 39 -0 +® Qm
ng—mJB- Vi x VO'
+
n 39
1 . Ba
0, = —i(ng — m)B—H . 27)

Note that the term proportional to Q,, in Eq. (25) is an
order of magnitude smaller than the other terms and that U,
indeed has a slow-varying component in the coordinates o«
and 0. Also note that the relative strength of the dependence
on Y is not important. Inserting the expression thus obtained
for the modes U, into Eq. (4) then yields an expression for
the plasma potential energy, as a function of the normal dis-
placement X, only, correct up to second order in 7.

Summarizing, by first requiring the entire stabilizing
magnetic energy to be finite and of order O(1), leading to
fluted modes, and subsequently minimizing the magnetic
compressional energy to zero, above expression for the geo-
desic component of the Fourier modes U,, was derived,
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expressed as a function of X, (Eq. (25)). This allowed for
the complete description of the plasma potential energy as a
function of the normal component X,,.

Finally, mixing the different orders of the terms, this
expression can be split into a linear part and a part corre-
sponding to the first derivative

110
<U° +U,~> w) (Xm) (28)
with:
@é + @" +- Qm
(29)
Urln = 1 + Qm’

where 0% and Q! are defined in Eq. (27). U,, can thus be
seen as a linear differential operator, acting on the modes of
the normal perturbation. In what follows, it is found useful to
assign a symbol to the parallel derivative of U in 0, which
can be written out compactly

aUm _ 0 1 id
50 <DU +DU,, ~ &//> (Xm) (30)
with
0
DU, = i(nqg — m)UY, +8L
2 31)
DU, = i(ng —m)U), + 80’” .

E. Minimization of plasma potential energy

To obtain the expression for the plasma potential energy,
it is useful to define the adjoint of the linear operator U,

M l/’s
1 * ok
(Un(@), By = (o, UL (B)) = [J LU ﬁ] S )
where the boundary term, with \, a flux surface deep inside
the plasma and 1/ at the plasma edge, arises from the fact that
external modes are considered, which do not necessarily van-
ish at the limits of integration. The inner product is defined as

l//S
(o, By, = Jw To pay . (33)
and the operator U{ as
i 0
Ui (B) = (UZ YUt 8!//)ﬁ’ (34)
with
T0 0% 1 8
U= +J W v g) (35)

T,1 _ yrlx
Uk _Uk ’

and equivalently for DU from Eq. (30).
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Now, the series of Eq. (18) is introduced into the plasma
potential energy, given by Eq. (4), making use of the above
expression of the adjoint operators U! and DU!. In
Appendix B, it is shown that this reduces to a volume inte-
gral with three types of terms concerning the coupling of the
modes m and k (=m'): Those proportional to the amplitude

1 ‘//s .
EE:J dwUdafﬁdwww{P%%

Ve

along with a surface term
k,m

with the coefficients PV} ,, and PS; , given by

. .\ 2
i\ d i\~ d?
PV ([=)—+PV? (-] —
+ k,m(n>dlp+ ’””(n) dl//z}
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of the mode X,,,, those proportional to the first derivative in i
of X,,, and those proportional to the second, and all terms
also proportional to the amplitude X; of mode k. This is
accompanied by a surface integral, with two types of terms.
The expression for the plasma potential energy then has the
form:

Xom s (36)

1 . i) d
32 Jd 074" {Psz_,m +PS},, (%) w}xm b, (37)

—~0 1i0 —~ 1k [
PV?,m = ka,m +?Zw (jpvm,k)7 PSQm = _ZPVm,k7
—~ 1 —~ 1k 110 ~2 1—~2
Pvll,m = (ka,m +Pvm,k) +?;8_ (jPVk,m>’ PSIL,m = _ZPVk‘nw (38)
Pvlg,m = ﬁi,m’
with
50 1 \V‘/f|2 0 0 1 da o 0
PV, =— DU —JS) (DU, —TJS) +—=— (U +U))+S
k,m Lo szz ( k J )( m J ) jae( k m) o
g /. . 1 (nq—k)(nq—m) /
+—(1 ng — myU%* fl(ank)U()) 2k,
J ( ) k m 1o j2|V1//|2 n 9)
! LIV, . Uloe UL
PV, =— DU — JS)DU, +-—L2— —c—Li(ng — k
k,m Lo j232 ( k ) m J 80 j ( q )
_ 1 2
Pv;n:—JVy|DU;DUk.
’ Uy J~B?

The two derivative terms in PV,im are crucial for Hermiticity
of the plasma potential energy. This can best be seen by
inserting Eqs. (38) and (39) into Eq. (36) and cancelling the
surface terms from Eq. (37). The integrand of Eq. (36),
including the double summation, then can be written in ten-
sorial notation

x)'PX, (40)

where a factor [7/2 has been left out, with X = (Xme’i"“’)T
and the elements of the tensor P given by

= —

P _ PT/O _ i a "‘71* n ﬁ/l l 8
kom — k,m n alp mk k,m n alp
i9 ~2 id
~Zpv, -2 41
n alp Vk.m alp ’ ( )

which are indeed Hermitian. The arrows indicate whether
the derivatives act on the right or on the left.

F. Edge and vacuum energy

The edge term, given in Eq. (2), is associated with a sheet
current Jg running on the edge of the plasma that provokes a
discontinuity in the magnetic field on either side of the last flux
surface of the plasma and is given by applying Ampere’s law

Js =n x [B]. (42)

Though a theoretical possibility, in practice, an equilib-
rium edge current is unusual and therefore left out.* In addi-
tion, by considering the essential boundary conditions of
Eq. (3), it can be seen that the inclusion of an equilibrium
edge current would lead to a highly stabilizing vacuum
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Q, - Vy =B, VX ats. (43)

Indeed, the derivative of X in the direction of B, is of order
O(n) if B # By, which would imply that the vacuum pertur-
bation Q, be of that order as well, leading to a large vacuum
stabilization. This is to be avoided.

The vacuum energy, also given in Eq. (2), is always sta-
bilizing and should be minimized while respecting the essen-
tial boundary conditions of Eq. (3). Since the vacuum is
current-free, the vacuum magnetic perturbation Q, satisfies

V-Q,=VxQ,=0, (44)

which implies that it can be represented by a scalar potential
¢ that has to obey Laplace’s equation:

Vip=0, (45)

connected to the plasma by the essential boundary condition
and assumed to vanish at infinity:

B-VX ats

Then, the vacuum energy term can be rewritten as
) 1 . 1 .
oW, =5 | arl (@99 =5 - | a8 (990

2:“0 v 2:”0 v
1
— —7JJ(B-VX*)¢d9doc, 47)
2:“0 N

where the negative sign is due to the difference between the
definition of the outward normal of the plasma volume and
the direction of increasing magnetic flux. The perturbation is
assumed to vanish at the surrounding wall, located far away
from the plasma, which is justified since peeling-ballooning
perturbations are assumed to be radially localized to some
extent. ¢ is to be solved with Laplace’s equation as a func-
tion of the plasma perturbation X at the edge.

This is done conveniently using Green’s method, based
on Green’s second identity:**%*

V - (aVb) = aV*b +Va- Vb, (48)

which, upon interchanging a and b, taking the difference
between both equations and integrating over a volume
yields:

J (aV?b — bV?a)dV = J (aVb —bVa)-dS.  (49)
v ov

This equation is used by setting a = ¢(r) and
b=Gn(r,r') = ﬁ + F(r,r’), a modified Green’s function
for Neumann boundary conditions®® for the Laplacian in

three dimensions, with V2G = —(r — r’) and F a function
that is symmetric in its arguments and satisfies

V2F(r,r') =0
4

VY VGy = — 0
ov
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with Ov the total surface surrounding the volume. Choosing
this equal to the vacuum volume and evaluating at a point in
the plasma edge, this yields an expression for the vacuum
potential®’

B(r) = (d) + “d Gulr, V)V'$() -dS',  (51)

where (¢) is the average value of the potential over the whole
surface.

Since the perturbation is assumed to vanish at the sur-
rounding wall, the more complicated treatment of low n
codes such as vacuum? that take into account the image cur-
rents in the surrounding wall, is not needed here. So, upon
introducing the boundary conditions from Eq. (46) and real-
izing that the average potential goes to zero due to the sur-
rounding wall, assumed to be at infinity, Eq. (51) becomes

P(r) = f” Gn(r,P)IB() - V'X(y)do/d0' . (52)

Inserting this relation between the potential and the
plasma perturbation X, (1) at the edge of the plasma into
Eq. (47) yields

1 £
oW, = 5 %‘ X; U LJdQ docJ Ljde’ doc’VSk,m} X, (53)

with the Hermitian coefficients VS, given by

1G Y iy '
VSk7m _ N(rz,r )el[n(gg 7o()+(nq7m)0 7(nq7k)0] (nq _ m) (nq _ k)
Mo T

(54)
G. Kinetic energy

Finally, the last ingredient in the extended spectral var-
iational principle described in Subsection II A is the plasma
kinetic energy, given by

2
K¢ :%J pléfdr, (55)
p

where p is the density of the plasma.

Now, as stated above, in Subsection II D, the minimization
of the plasma compressional energy to zero by adjusting the
parallel component is relatively simple, and unaffected by the
kinetic energy if the kinetic energy of the parallel component is
neglected. Not doing this would raise the complexity of the
problem, as the number of equations that has to be solved would
double. As the applicability and accuracy of the parallel dynam-
ics of the basic ideal MHD theory are questionable, this is not a
major simplification and, in any case, it represents a worst-case
scenario since the plasma sound waves are stabilizing.?

Since in the (perpendicular) plasma kinetic energy no
derivatives of the perturbation appear, these terms do not
influence the minimization of the magnetic compression
term of the plasma potential energy performed in Subsection
IID and the results obtained there relating the geodesic per-
turbation U to the normal perturbation X are introduced in
above formula for the plasma kinetic energy
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2 \Y%
K =< [ arp UL
2 )y IVlﬁI
== drpZe ilk=m) Zxk 1 B"ﬁ' U; (X)) Un(Xom)
k,m lﬁ|
o’ p| VY
=— dr X;elk=mo +Uf Un | (X)), (56)
2 J %; |le|2 BZ ( )

where the operators work on everything to their right, result-
ing in volume and surface coefficients equivalent to the ones
used Eqs. (36) and (37)

km — 2 k m
VY|
gt |V‘p|2 0% 771 57
KV ="y U Upp 7
o2 |VI,D|2 Ixy7l
KVk’m = B2 u-u,p

Using the same arguments as in Subsection IIE, the
integrand of the plasma kinetic energy integral can be writ-
ten in a Hermitian form equivalent to Eq. (40).

lll. DISCUSSION

In the previous section, expressions were found for the
potential energy due to the plasma, which was described by
three volume coefficients PVk and two surface coefficients
PSkm, the plasma kinetic energy, described by KV,? and
KS? m» and the potential energy due to the edge and vacuum,
of which the former is neglected and the latter is described
by VSk,m.

By taking the Euler minimization with respect to each
of the M amplitudes of the Fourier modes X, an equation in
the M unknowns X,, is obtained. The result can be summar-
ized by the following equation that has to be solved for every
field line:

i(k—m i(k—m i d
Z{ <€ (k )OV/((),m>H + <€ 5 )ovll,m>ﬂ <ﬂ> @

m

i\’ d2
emty2 Nl =) —5 X =0 58
+<€ k,m)()(n> dlﬁz} m ) ( )
for k =my...my+ M and with the field-line average (-),
defined as:
(A)g = J JAdO, (59
—00

with the coefficients V,’;}m given by
Vi =PVi — 0KV, (60)

from Eq. (38) and an equivalent for KV, ,’;,7,”.

The restriction due to the normalization of the plasma
kinetic energy using a Lagrange multiplier »? is mathemati-
cally equivalent to the minimization of the Rayleigh quotient
of Eq. (1) with an eigenvalue w? and the appropriate bound-
ary conditions shown below.*’

This is a system of M ordinary differential equations of
second degree for the M different amplitudes X,,,. Two bound-
ary conditions are needed, the first one being the assumption
that the perturbation vanishes deep into the plasma. The sec-
ond boundary condition comes by minimizing the surface
contributions from the plasma potential and kinetic energy
and from the vacuum term, which leads to N equations

id
Z{< i(k— m)@ng> +5vac} _ 07

— <ei(k_m)95/l<,m> 8!// k,m

(61)

where the surface coefficient PSy , is given by Eqgs. (38) and
equivalent for KS; ,, and the vacuum term is given by the inte-
grand of Eq. (53). These M equations provide a relation
between the plasma perturbation of the M modes at the
boundary.

The solution of this system of equations has to be done
numerically. This will be the subject of a future paper.

A. ldentification of terms

The terms due the plasma potential energy, given by
Eq. (38), clearly show the intuitive structure of Eq. (4),
where the stabilizing and potentially destabilizing terms can
be identified

* The stabilizing magnetic terms, described by |Q| have
only a normal and a geodesic component, as the parallel
component is minimized to zero. The normal component,

—~0
reflected in the fifth term of ka,m’ relates to }7% of

Eq. (9), whereas the geodesic component is reflected in
~0 ~1 —~ 2
the first terms of PV ., PV, ., and PV, and relates to
+95 — SX of Eq. (9).
* The stabilizing plasma compression term is not present as

this is minimized to zero by adjusting the parallel compo-
nent of the perturbation.
» Since the geodesic curvature is related to ‘g—g through

—~0
Eq. (11), the last term of PV, ,, along with the part con-
—~0
taining the complex conjugate of the second term of PV, ,

oo R
and the second term of PV, , represent the destabilizing
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term due to the pressure gradient. This is the main driving
term of the ballooning instability, —2(& - Vp)(k - ).

e Finally, through Eq. (B10), the other part of the second

—~0 —~0
term of PV, ., the third and fourth term of PV, . the sec-

—~ 1 —~ 1 —~ 1x
ond term of PV, and the third terms of PV, and PVmﬁk

k,m
correspond to the destabilizing term due to the parallel
current ¢. This is the main driving term of the kink insta-

bility, —a(&* x B) - Q.
For the plasma kinetic energy, a similar anglvygis can be
casily made, showing that the first term of KV, corre-

sponds to the normal part and all the rest to the geodesic
part. The parallel part was neglected.

B. Axisymmetric approximation

In the axisymmetric approximation, employed in
Ref. 12 and subsequent papers, a derivation has been done
similar to the one in the work presented here, with the major
exception that there it is assumed that the plasma equilibrium
and the perturbations have axisymmetric symmetry. This
results in simplifications in the derivations, but also limits
the applicability of the results.

The axisymmetric results equivalent to Eq. (60) from
Ref. 12 are based on the theory derived in Ref. 6. However,
the comparison between the results from Ref. 12 and the
results from this work, with the axisymmetric approximation
inserted, is only feasible experimentally, by actually calcu-
lating the energy for certain test cases, because the direct axi-
symmetric results in Ref. 12 are not written in a compact and
clearly self-adjoint form, and could be written in a virtually
unlimited number of similar ways.

‘What is shown here, however, is a demonstration of the
agreement between the results from Ref. 6, on which the
direct axisymmetric results are based, with Eq. (4), which is
the basis of the 3D theory developed here.

First of all, the “straight field line angle” w of Ref. 12 is
identified as the flux coordinate O which is related to
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the measure of the length along the magnetic field, since
B = %FeeF as seen from Eq. (7). Therefore, the following
relations between the flux coordinates and the axisymmetric
coordinates:

ap = (A — fXAVdX

lpF:l//A (62)
1 LA

Or :—J vdy = o,
q

to transform from the 3D flux coordinate system (o, Y/, ()
used here to the axisymmetric coordinate system
(YasxasCa) used in Ref. 6 (with the orientation inverted,
consistent with subsequent papers), can be found.

Using this, expression (27) is simplified for the axisym-
metric case and inserted into the expression for the minimiz-
ing geodesic perturbation U, from Eq. (25)

m ng —mf?/R?
U ==—0o'|1
" nw< + ng B2

i mfz/Rzl v\’ 1 ajA (63)
( LY i )
1 _ ’W—mfz/R2
Uy =1+= =

This expression corresponds to the direct axisymmetric
result found in Ref. 6 (Eq. (12), which can be seen by insert-
ing the slow dependence X = X,,e” " and U = U,e "
(the fast {-dependence has already been accounted for) and
rewriting it for U,

i0X,, m e 1
== : + _w/Xm + " ;Qconnor s (64)

U’”_naxp n

with Qcomnor given at the bottom of the same page. Indeed,
this yields

LS 10X 1 0T
Qconnor - WJAB/{H ;w +X j_A 8!# + 2K,,
o fz/Rz ng —m 0 N ﬂ(l) Z ! ). Ng—m 1 at7A —imw
— { = Y 5 (q) +w lm—nq (Xn) + X N + 2K, | re , (65)

which is equivalent to Eq. (63).

Subsequently, inserting the minimized U,, into Eq. (4),
assuming axisymmetry and taking the same steps as to get
to Eq. (36), inserting fast Fourier modes (Ref. 12, Eq. (1)]
could be relatively easily derived, which is the starting point
of the theory behind ELITE. Introducing the slow Fourier

modes then leads to the axisymmetric equivalent to
Eq. (60). As the original derivation in Ref. 6 was quite cum-
bersome, this is a useful alternative that also provides
deeper physical insight. The derivation has been verified by
the first author but, due to lack of space, is only mentioned
here, without reproducing it.
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These results hint at the correctness of the 3D theory
derived here, at least considering the axisymmetric limit as a
verification and the necessary Hermiticity. More thorough
comparisons will be the subject of future work.

IV. CONCLUSIONS

Intermediate to high linear n» modes in full 3D configura-
tions were investigated theoretically using MHD theory.
This is of interest because of peeling-ballooning modes,
which are thought to play an important role for the cyclic
behavior of ELMS in magnetic fusion reactors and could
also clarify some of the issues concerning the limits of the
high confinement H-mode observed in many of these
devices.

The work presented here builds up on the previous theo-
retical basis in Refs. 12 and 19, which was based in turn on.°
The major innovation in this work is that the condition of
axisymmetry is relaxed and thus provides results which are
more widely applicable than those from previous studies.

Thus, a full 3D treatment of the stability of peeling-
ballooning modes with intermediate to high » mode num-
bers, valid also near the edge of the plasma, was developed
making use of a Fourier expansion that included a multiple-
scale analysis to separate the spectral content of the equilib-
rium and the perturbation, based on the extended energy
principle first cornered by Ref. 18.

The results of the theoretical investigation of this work
are a concise Hermitian set of M second order linear differ-
ential equations for M poloidally coupled modes resulting
from the energy minimization. These equations have to obey

|

APPENDIX A: CALCULATION OF Q

(o (8(?#

By using

00" 90"ng—m
Ou  Oa

Phys. Plasmas 21, 042507 (2014)

two boundary conditions each, one of which is the vanishing
of the modes deep inside the plasma and the other one is a
relation found by minimizing the surface terms of the energy
of the plasma and the vacuum. This system of equations has
to be solved numerically, which will be the focus of future
work.

The 3D equations derived in this study have been
applied to the axisymmetric situation and it has been demon-
strated that previous results in this approximation can be
reproduced, which provides an initial proof of the correct-
ness of the theoretical model developed here. Further simpli-
fied verification of the validity of the 3D approach will be
carried out when the numerical implementation of the model
is developed. Subsequently, the results will be used to inves-
tigate various 3D effects, such as toroidal ripple in tokamaks,
the behavior of perturbation coils for the control of ELMS,
the influence of a TBM module, etc.
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Eq. (23) can be described, upon introducing the slow Fourier modes defined in Eq. (24), by the operators Q21 and Q! from

Subsection I D:

(SN
JB"

+ 2K,

d ng—mad
0 9 0
O = (80 n (%c) 8"+

0,, = —i(nq — m) B, —I—laj ! 8( >—|—2Kg

JB2 T 9o JO0

o (-5 + (~o e
o — o' e +0'")o!
JB290 n (A2)

This can be simplified by expressing the pressure balance and the expressions for the curvature components described in
Subsection II A, explicitly in the (o, 1/, 0) coordinate system, making use of the Clebsch representation for the magnetic field,

B = Vu x V. First, the pressure balance becomes

1P’ Vi =

(813 OBy
a0 Ou

6Bl/, OBy
)Voc—i—j (W—W>le,

(A3)
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implying that, since the current lies in the magnetic flux surfaces

o8, _ 08, oL (9B, B,
0~ oy and that puyp _j(ae aw). (A4)

Introducing this, and the fact that By = B2.7, in the expression for the normal and geodesic curvature

o lom Lo o o)) 1 (e 0) (o)
" By 00 g ou o goal)\2 J \g"ou ) \2

(A5)
J 7] 0\ ( By
=2 (By=—-B,— | (=L).
“ T g2 ( "0 ae) <2j)
Therefore, the operator Q% becomes
o ng—ml d a> ) 00 <a®°‘ ) 2 9By
= — (B,— —By— — 42 i d
On="" Bg( 90 552)® "0 T8, a0 ") "B, a0
1 o 0 0 O 0
— 0" ———+0 B e +0
+ ( g 8lﬁ+ ) 9-1-( + )Qm
_ng—m J 0, By 1 (OBy, OBy : oM\
“B. (=220 —et -
7 By Vi x VO + B+ 50~ oy + ®+®an
/ / _ A 0
:Baq +‘7M0P+<_®g+®am>Qr1n+nq mJB -V x VO 7 (A6)
By n n By
with @ = ©* + ¢/ + ¢®". Using the same technique, the operator Q! simplifies to
B,
Q,'n = —i(ng —m)——. (A7)

By

The axisymmetric limit of these equations corresponds to the work done by Ref. 6 and is discussed in Subsection III B.

APPENDIX B: MINIMIZATION OF PLASMA POTENTIAL ENERGY

The series of Eq. (18) is introduced into the plasma potential energy, given by Eq. (4), making use of the expressions for
the adjoint operators U} and DU} of Sec. IID. This is done here term by term.
1. Line bending term

The stabilizing magnetic terms were described in Subsection I A by the term ui (on |2. The parallel component, also called
the magnetic compression term, was minimized to zero by the condition of Eq. (25) and the two perpendicular components,
also called the line bending terms, are to be calculated independently from

1 1 [10x] 16U :
( 5| =0 | =y — X ) (B1)
Mo B
Inserting the series of Eq. (18) then results in a contribution
1 1 [ 0] 2
- . . i|no+(ng—m)
_— i(ng — mX e , (B2)
to J*? : ( )
from the normal component, which directly leads to
—sz k=m0 |} (ng — k)(nq )é X (B3)
Ho k,m \72|V‘//|2

and
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1 [vyl ?

1o J*B?

b

e

Z[DUU JS+ DU, 13} (X, )e! [P+ a=m)]

from the geodesic component. Extracting the different orders in the derivates in

2
(DU,ZO JS+DU,{” a{p) (';fB'z (DUO JS + DU, 151))(}( )

1 VP i) & 70 vyl
{DUk 75 DU, }(Z) awﬁ (DUk —jS) 75 DU,,
ri [V

‘ 0 i d ([P (i)a
+DU; 75 (DU° — JS) + DU, "oy (szzDUm 2 3

_2 :X* i(k—m)0

'uokm

:_ZX* i(k—m)

'uokm

v io (v
+{(DUZ’O—JS> jszL (pUS, — 78) + DU~ w(%ez( U?n—JS))} (Xn)

with the surface term, discussed in Eq. (32) for the adjoint operator of U} equal to

l//S

Ho

T DU;*X* ik ""’jvﬂ <DU0 jS+DU}ni%)(X)

Vo

2. Ballooning term

(B4)

(BS)

(B6)

The term that can be driven unstable by a pressure gradient oriented in the opposite direction than the curvature is the ori-

gin of the ballooning and interchange instability and has a contribution to the plasma potential energy equal to

—2Xp' (X" Ky + Uiy
that leads to

> (—2)x;e ke |:p/KnXm + UZ<Kgp/Xn1):|

k,m

= 3 (—2)x;eilome {{ U } prTs {p’xn + (U,f"’ + U %%) () HXm

k,m

and a surface term

, v,
|:2ji U/i*xzei(km)gp/’chm] ]
n

a

3. Kink term

The kink term represents the term that can be driven unstable by a parallel current. It has a contribution equal to

10 U* 0X
X* X*X
780(0 YU + So +GJ80

which leads to

(B7)

(B8)

(B9)

(B10)
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* 1 m) 18 .
kaﬂ:Xke(" [7£U (X)) — 1(nq—k)% (X)) + SoX,, + UL <j (nq — m)X)

A PR G/ y L0
_ZX l{j(Uk i(ng —m) — Uml(nq—k))_2ngUm}Zw

1

Xm s (B11)

Qe

noy

(i(anm)U,Z i(ng — k)UO) + So kall 0 < (ng — m)) 2p/1cgU9n}

and surface term

v
1 . :

[E Ul X e =% ng — m)Xm} : (B12)
e

4. Hermitian form

Combining the contributions from all the terms, the expression for the plasma potential energy now has the form:

% _i(k—m) i d dz
Ud@j ‘e {kan1+kam< )dw+ Vkm<n) e me (B13)

where the coefficients PV} m can be simplified to a compact and visibly Hermitian form.
The coefficient PV0 is given by a part

ﬁ/i,m Z%O{(nq—k)(nq—m)M} —2{p’;c,, + (UTO +Ult' = &//) (Kgp)}

2
+i{(DU,Z’0jS) Vyr (DU°, — JS)JrDUkIl 0 ('W (DU?,,JS))}

2l

k,m

a

Ho J*B? o\ J°B?

+ {; (i(nq — m)U,Z’0 —i(ng — k)U?n> +So — UZI 1;; ( (ng — m)) — 2[)/KgU9n}

1 |[Vyl? 0+ 0 1 do , 4. 0 1 (ng —k)(nqg —m)
- DUY — 78)(DU° — 78) + =22 (1% + 1°) 4 — 2~V =)
ﬂ0~7232( E oIS DU = T5) + 7 U1+ m>+llo T VY
9 ( Ox 5 0 /
+?(1(nq—m)Uk —1(nq—k)Um> — 2K, + Sa, (B14)

and some more terms equal to

1% : 2
S (U} J)JrUkl*1 ) <i@) —plo (%(nq—m)) f2U01 0 (|W| (DUfn—JS)>

To0Tnoy oy \7 a0 K oy 1 noy \ 72B?
L0 0 2 g —my 4+ 212 oy ) (LI (g
+Jn81ﬁ (Uk j)jl(l’l(] m)+,_7}’lal/1 (DUk ‘7) <'u0 j2Bg (DUm jS)
1id 1 Jdo 1k \Vlm <D_l]9n_ >
Jn(’)lp (U (80 + gi(ng — m)) + DU, B\ 7 S , (B15)

which are proportional to the normal derivative of a part of the coefficient PV}, to which the surface term SV,?m is propor-
tional as well.

The coefficient PV}, is given by
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1 VYl vy i 0 (VY]
1 _ T,0 1 T,1 0 T,1 1
Pvlgmfﬂ_0 (DUk _jS> szz DUm+DUk szQ (DUm_jS) +DUk Z% szz DUm
- Z{Kgp/UZ’l} + {% (U,{’li(nq —m) —U,i(ng — k)) - 2p’KgU,1n}
1 |V‘p|2 0 1 0 1 1 do 1
=— DU — JS)DU DU — JS)DU,* —— (U U’
,u()JZBZ[( k J) m+< m j) k]+j89( m+ k)
o . . 11io [|Vy]
—(UVi(ng —my - U! —k — DU! DU}* B16
+j( k l(nq I’}’l) ml(l’l(] )) +,uojn81p sz m k ) ( )

where the last term is proportional to the normal derivative of the coefficient PV7, . The other terms of PV} can be written as
the sum of

— VY . .Ul (80’ , )
PV, =— DU — JS)DU, +—2|—— —k B17
k,m Lo szz ( k j ) m + j 90 Gl(ﬂq ) ) ( )
and its conjugate. Also, the surface term PS,Lm is proportional to PV,im.
The coefficient PVim is given by
2 5172 1 |VW|2 1 y771
PVimn =PVin =—"57 DU,DU,”, (B18)
’ T My JB

which cannot be simplified any further.
Bringing it all together results in the terms PV,’;M stated in Subsection ITE.
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